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Figure: Iteration of the topological substitution.
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Figure: Aperiodic tiling of the stepped plane for the TRibonacci
substitution.



Rauzy fractal

Figure: Aperiodic tiling with the Rauzy fractal for Tribonacci
substitution.
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Theorem
The three following tilings are mutually locally derivable

» Tiling by the topological substitution.
» Tiling by the stepped surface.
» Tiling by the Rauzy fractal.

Theorem
The sequence of renormalized patches (0" (C))nen is
convergent for the Gromov-Hausdorff topology.
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» Cellular complex. Topological polygons
T = {T]-? sty Td} Topological

substitution
» Patches o(T;),i=1...d.
> (T,0(T),0).
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A topological substitution is a pre-substitution such that
> can be iterated on a tile T T

» ¢"(T) has non empty core for each integer n.

Under hypothesis we can define
a®(T) = J o*(T).
k=0

By construction, the complex 0°°(T) is homeomorphic to
R2.
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Topological
substitution

A tiling of R? naturally defines a 2-complex.

Definition

A tiling of the plane R? is substitutive if the labelled
complex associated to it can be obtained by inflation from a
topological substitution.
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Figure: Tribonacci topological substitution



Tribonacci substitution

Morphism of the free monoid {a, b, c}*

a— ab
o< b— ac
c+a
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Tribonacci substitution

Morphism of the free monoid {a, b, c}*
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Tribonacci substitution

Morphism of the free monoid {a, b, c}*

a— ab

o< b+ ac

abac

CrHa
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Tribonacci substitution

Morphism of the free monoid {a, b, c}*

a— ab
o< b— ac
c+a

abacaba
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Morphism of the free monoid {a, b, c}*

a+— ab Substitution
o b— ac
CcCr+ra

abacabaabacab
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Morphism of the free monoid {a, b, c}*

ar— ab Substitution
o b— ac
CcCr+ra

abacabaabacab. ..
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Morphism of the free monoid {a, b, c}*

a+— ab Substitution
o{ b+ ac
c— a
abacabaabacab. ..

Fixed point u = o(u) = limo"(a)
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Morphism of the free monoid {a, b, c}*

a+— ab Substitution
o{ b+ ac
c— a
abacabaabacab. ..

Fixed point u = o(u) = limo"(a)
The infinite word is called Tribonacci word.
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Matrix of the abelianization of o is M, =

Substitution

O R =
k=
O O =

v

Eigenvalue 5 > 1. Eigenvector vg.

v

Eigenvalue a € C, |a] < 1. Eigenspace: Plane P,.

v

Let us denote 73 the projection on P parallel to vg.

v

Let us denote / the abelianization map:
I:{a,b,c}* — 73



Rauzy fractal

Theorem (Rauzy)

There exists a compact set R in P ~ R? and three subsets
Ra, Rp, Re such that

v

v

v

Rj={mgl(uo...ui—1),u; =j} forj=a,b,c.

R = {mgl(uo...uj-1)}

There exists a similitude h : R? — R?, such that:
Ra,=hR,UhRpUhR,
Rp = hR, + msl(a)
Re = hRp +mgl(a)

The compact set R tiles the plane in an aperiodic way.
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» The Rauzy fractal is solution of a iterated function
System . Rauzy fractal

R =hR|JWR +msls| PR + hrgls + w31,

» There is also a periodic tiling of the plane by this Rauzy
fractal.



Dual substitution

For x € 73 we define

(x,i") ={x+e + Z Ajej, Aj € (0;1),) # i}

Jj€{a,b,c}

Ef(o)(x, )= > (M;*(x—1(p)),ef).
je{a,b,c},
p-i.s=o(j)
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For example

» a belongs to o(a),o(b),o(c).

» b belongs to o(a).

» ¢ belongs to o(a).
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For example
» a belongs to o(a),o(b),o(c).
» b belongs to o(a).

» ¢ belongs to o(a).

Stepped plane
M 'x

x. — 9 Qx 7 M;lx. é - QM;lx

Figure: Dual substitution E;(o)* for the Tribonacci substitution
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Theorem (Arnoux-Ito)
Define K as the set U (—ej, i™).
ie{a,b,c}
» The sequence (mp o Ef(0)"(K))nen converges to a
tiling of P. Stepped plane

» The following limit exists for the Hausdorff convergence:
lim Eo(o)" (D)
n

where D, = w3 0 E{(0)"(K). Moreover this limit is
equal to the Rauzy fractal R.



» Link between Rauzy fractal and stepped surface:
classical result.

» Link between Stepped surface and topological
substitution.
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Proof



Future

» Do the same think for another substitution.
» Find a topological substitution.

» The convergence will follow, and other properties.
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